Abstract. We give a characterization of the Lefschetz elements in Artinian Gorenstein rings over a field of characteristic zero in terms of the higher Hessians. As an application, we give new examples of Artinian Gorenstein rings which do not have the strong Lefschetz property.
Introduction
The Lefschetz property is a ring-theoretic abstraction of the Hard Lefschetz Theorem for compact Kähler manifolds (see e.g. [7] ). The following are fundamental problems on the study of the Lefschetz property for Artinian graded algebras:
Problem 0.1. For a given graded Artinian algebra A, decide whether or not A has the strong (or weak) Lefschetz property.
Problem 0.2. When a graded Artinian algebra A has the strong Lefschetz property, determine the set of Lefschetz elements in A 1 .
In [16] , it was shown that "most" Artinian Gorenstein algebras have the strong Lefschetz property. However, it is a difficult problem to know whether a given graded Artinian algebra has the strong (or weak) Lefschetz property. In principle, if a graded Artinian algebra A over a field k is given with a presentation A = k[x 1 , . . . , x n ]/(f 1 , . . . , f m ), we have an algorithm to answer the above Problems since it is sufficient to compute the determinants of the matrix expression of the multiplication map by a general element of A 1 with respect to an arbitrary homogeneous linear basis of A. In particular, the complement of the set of Lefschetz elements in A 1 has a structure of the algebraic set defined by certain determinants. However, it is hard in general to carry out the computation based on this algorithm even with the help of computer. In the present paper, we give a simple criterion to answer these problems for Artinian Gorenstein algebras over a field k of characteristic zero. It is known that a graded Artinian Gorenstein algebra is characterized by the "Poincaré duality" which holds for the cohomology ring of the compact oriented manifolds. Hence graded Artinian Gorenstein algebras with the strong Lefschetz property are a natural class of commutative algebras comparable to the cohomology ring of compact Kähler manifolds.
A typical example of graded Artinian Gorenstein algebras is the coinvariant algebra of finite Coxeter groups. In fact, the coinvariant algebra of the Weyl group is isomorphic to the cohomology ring of the corresponding flag variety. In [11] and [12] , it has been shown that the coinvariant algebra of any finite Coxter group has the Lefschetz property and that the set of the Lefschetz elements is the complement of the union of the reflection hyperplanes except for type H 4 case. The determination of the set of the Lefschetz elements is still open for H 4 because of the computational complexity.
Let us consider the polynomial ring R = k[x 1 , . . . , x n ] and the algebra of differential operators
Every graded Artinian Gorenstein algebra has the presentation
for some homogeneous polynomial F ∈ k[x 1 , . . . , x n ]. We introduce the higher Hessians Hess
, of the polynomial F in order to describe the condition for an element L ∈ A 1 to be a strong Lefschetz element. The set of the strong Lefschetz elements of A is a Zariski open set in A 1 , which is given as the complement of all the zero loci of the higher Hessians. We will discuss the explicit description of the set of Lefschetz elements of A = Q/Ann Q F for the Fermat type polynomial
When one of the higher Hessians of F is identically zero, the algebra Q/Ann Q F does not have the strong Lefschetz property. In [8] , [10] and [17] , examples of Artinian Gorenstein algebras which do not have the strong Lefschetz property are given. The examples in [8] and [17] are based on the polynomials with the zero Hessian. In the last section, we give some polynomials F such that Hess F = 0 and Hess (1) We say that A has the strong Lefschetz property if there exits an element L ∈ A 1 such that the multiplication map
is of full rank (i.e. injective or surjective) for all 0 ≤ i ≤ D and 0
We call L ∈ A 1 with this property a strong Lefschetz element.
(2) If we assume the existence of L ∈ A 1 such that
is of full rank for i = 0, . . . , D − 1, we say that A has the weak Lefschetz property.
If a graded Artinian algebra A over a field k is generated by A 1 as a kalgebra, we say that A has the standard grading. The weak Lefschetz property implies the unimodality of the Hilbert function, provided that the k-algebra A has the standard grading.
We say that A has the strong Lefschetz property in the narrow sense if there exits an element L ∈ A 1 such that the multiplication map
If a graded Artinian k-algebra A has the strong Lefschetz property in the narrow sense, then the Hilbert function of A is unimodal and symmetric. When a graded Artinian k-algebra A has a symmetric Hilbert function, the notion of the strong Lefschetz property on A coincides with the one in the narrow sense. Our main interest in this paper is to consider Artinian Gorenstein algebras, so the strong Lefschetz property will be used in the narrow sense in the subsequent sections. Throughout this paper, graded Artinian
Artinian Gorenstein algebra
Throughout k denotes a field. 
The following is a well-known fact (see e.g. [4] ). Proposition 2.1. A graded Artinian k-algebra A is a Poincaré duality algebra if and only if A is Gorenstein.
A d is a Poincaré duality algebra. For any element f ∈ A \ {0} of degree less than D, there exisits an element g ∈ A \ A 0 such that f g = 0. Hence the socle ideal Soc(A) of A coincides with a onedimensional k-subspace A D . This means that A is Gorenstein. Conversely, if A is Gorenstein, the socle ideal Soc(A) is the one-dimensional k-vector space. Since the maximal degree part A D is contained in Soc(A), we have that A D = Soc(A) and dim k A D = 1. We will prove the following claim by induction on d:
Remark 2.1. (1) The above proposition shows that the even part of the cohomology ring H even (M, k) with coefficient in a field k of characteristic zero of any compact orientable manifold M is Gorenstein. (2) The Poincaré duality algebra is an abstraction of the property of the cohomology ring of compact orientable manifolds, whereas the strong Lefschetz property is inspired by the Hard Lefschetz Theorem for compact Kähler manifolds. Though the Kähler manifold is always oriented, the strong Lefschetz property does not imply the Poincaré duality. In other words, there exist examples of graded Artinian non-Gorenstein algebras with the strong Lefschetz property. For example, A = k[x, y]/(x 2 , xy, y 3 ) is a non-Gorenstein algebra with the strong Lefschetz property. At the same time, the Poincaré duality does not imply the strong Lefschetz property. See Example 2.1 and Section 5.
For simplicity, we assume that the characteristic of the field k to be zero in the rest of this paper, though our main results hold also when the characteristic of k is greater than the socle degree D of the Gorenstein algebra A. Let us regard the polynomial algebra R := k[x 1 , . . . , x n ] as a module over the algebra Q := k[X 1 , . . . , X n ] via the identification X i = ∂/∂x i . For a polynomial F ∈ R, we define the ideal Ann Q F of Q by
The following theorem is a well-established fact among the experts. In fact it is immediate if the theory of the inverse system is taken for granted ( [2] , [3] , [6] ). However the theory of inverse system does not seem to be wellknown to non-specialists, so we give a direct proof for it.
Theorem 2.1. Let I be an ideal of Q = k[X 1 , . . . , X n ] and A = Q/I the quotient algebra. Denote by m the maximal ideal (X 1 , . . . , X n ) of Q. Then √ I = m and the k-algebra A is Gorenstein if and only if there exists a polynomial
Proof. Assume that I = Ann Q F for some polynomial F ∈ R. Since F is annihilated by differential operators of sufficiently high order, Ann Q F contains m l for sufficiently large l. Since we are working over a field k of characteristic zero, it is clear that there exists a polynomial G ∈ Q such that G(X)F (x) ∈ k × . We will show in the following that I :
This shows that G ∈ I : m. Now let a(X 1 , . . . , X n ) ∈ I : m be any element. By definition of the ideal I : m, we have X i a(X 1 , . . . , X n ) ∈ I = Ann Q F for all i = 1, . . . , n. This means that
Hence we have that a(X)F (x) is a constant. As we have already seen that G(X)F (x) is a non-zero constant, we have that a(X) − cG(X) ∈ Ann Q F for some constant c ∈ k. We have shown that I : m = I + k · G. In other words, the k-vector space (I : m)/I is one-dimensional. Thus A = Q/Ann Q F is a Gorenstein algebra (see e.g. [2] ). Now let us prove the converse implication. Assume that A = Q/I is an Artinian Gorenstein algebra. Then we have the isomorphism Hom k (A, k) ∼ = A as an A-module. The Q-module Hom k (Q, k) is identified with the ring of formal power seriesR = k[[x 1 , . . . , x n ]] regarded as a Q-module. From the exact sequence Q → A → 0, we have the exact sequence of Q-modules:
] as the image of 1 ∈ A by the homomorphism θ. From the assumption that I contains m l for l ≫ 0, the image of θ annihilates polynomials in Q of sufficiently large degrees, so F is a polynomial in R. Finally we have that Ann Q F = {a ∈ Q | ab ∈ I, ∀b ∈ Q} = I, so A = Q/Ann Q F. Remark 2.2. Let k be the field C of complex numbers. In this case, for a polynomial
..in ∈ C, we can choose the complex conjugate
as a generator of the socle of A = Q/Ann Q F.
Remark 2.3. When I is a homogeneous ideal (i.e. A is graded), the condition √ I = m is satisfied. In this case, we can choose F as a homogeneous polynomial.
Example 2.1. Stanley [14] gave an example of Artinian Gorenstein algebra with a non-unimodal Hilbert function. Let us take the polynomial
where M 1 (u, v, w), . . . , M 10 (u, v, w) are monomials in u, v and w of degree 3 in an arbitrary ordering. Stanley's example is given as A = Q/Ann Q F corresponding to the polynomial F defined above. The algebra A has the Hilbert function (1, 13, 12, 13, 1), so it does not have the strong or weak Lefschetz property. More generally, it is shown in [1] and [9] that there exist Artinian Gorenstein algebras A with a non-unimodal Hilbert function for dim A 1 ≥ 5. In Section 5, we will construct Artinian Gorenstein algebras with a unimodal Hilbert function which do not have the strong Lefschetz property.
Characterization of Lefschetz elements
In this section we discuss the set of the Lefschetz elements for graded Artinian Gorenstein rings A = k[X 1 , . . . , X n ]/Ann Q F with the standard grading. 
the d-th Hessian of G with respect to B d , and denote it by Hess j (X) = X j , j = 1, . . . , n, the first Hessian Hess (1) G coincides with the usual Hessian:
Let us consider the case A = Q/Ann Q F and the higher Hessians of F with respect to a k-linear basis B d = {α . An element L = a 1 X 1 + · · · + a n X n ∈ A 1 is a strong Lefschetz element of A = Q/Ann Q F if and only if F (a 1 , . . . , a n ) = 0 and (Hess
. . , a n ) = 0
Proof. Define the identification [ ] :
Since A is a Poincaré duality algebra, the necessary and sufficient condition for L = a 1 X 1 + · · · + a n X n ∈ A 1 to be a strong Lefschetz element is that the bilinear pairing
. Therefore L is a Lefschetz element if and only if the matrix
) ij has nonzero determinant. For a homogeneous polynomial G(x 1 , . . . , x n ) ∈ k[x 1 , . . . , x n ] of degree d, we have the formula
..,xn)=(a1,...,an) . (2) Assume that the socle degree of A is less than 5. An element L = a 1 X 1 + · · · + a n X n is a strong Lefschetz element if and only if F (a 1 , . . . , a n ) = 0 and Hess F (a 1 , . . . , a n ) = 0.
Here Hess F is the first Hessian of F with respect to a linear basis of A 1 .
Set of Lefschetz elements
In this section we discuss the set of Lefschetz elements for some simple examples of Gorenstein algebras with the strong Lefschetz property based on Corollary 3.1.
Example 4.1. Let us consider the Gorenstein ring A = k[X 1 , . . . , X n ]/Ann Q F associated to the Fermat type polynomial
where s ∈ k is a parameter. One can check that A has the strong Lefschetz property for any s ∈ k as follows. For s = 0 it is easy to see that A has the strong Lefschetz property. When s = 0, the monomials
is a diagonal matrix of size n with det M 
we have Hess
Hence A has the strong Lefschetz property. We give the explicit condition for the Lefschetz element for n = 3, 4. For n = 3 and F = x 3 + y 3 + z 3 − 6s · xyz, A has the following structure:
Note that A is a complete intersection for s = 0, 1. The Hilbert function of A is Hilb(A) = (1, 3, 3, 1) for all s ∈ k. The condition for L = aX + bY + cZ ∈ A 1 to be a strong Lefschetz element is that
It is remarkable that the above condition is described by a single condition
. This is exactly when F decomposes into the product of three linear forms.
For n = 4 and F = x 4 + y 4 + z 4 + w 4 − 12s · xyzw, the Hilbert function of A is as follows:
Hilb(A) = (1, 4, 4, 4, 1) , for s = 0, Hilb(A) = (1, 4, 10, 4, 1) , for s = 0.
In this case the condition for L = aX + bY + cZ + dW ∈ A 1 to be a strong Lefschetz element is that
where symm( · ) means the symmetrization of the indicated monomial.
Example 4.2. Stanley [15] studied the strong Lefschetz property of the coinvariant algebra of finite Coxeter groups to show the Sperner property for the Bruhat ordering on finite Coxeter groups. In [11] , the set of the Lefschetz elements for the coinvariant algebra of the finite Coxeter group is determined except for type H 4 . Let V be the standard reflection representation of the finite irreducible Coxeter group W. Then W acts on the polynomial ring R = Sym R V * and the W -invariant subalgebra R W is generated by the fundamental W -invariants f 1 , . . . , f r , r = dim V. The coinvariant algebra R W is defined as the quotient algebra R/(f 1 , . . . , f r ). It is known that R W is Gorenstein (see e.g. [13, Theorem 7.5.1] ). When W is crystallographic, R W is isomorphic to the cohomology ring of the corresponding flag variety. In [11] , it was shown that the set of Lefschetz elements in V * = (R W ) 1 is the complement of the union of the reflection hyperplanes. For crystallographic case, their argument is based on the ampleness criterion for the R-divisors on the flag variety, so it is applicable only when the field k of coefficients is the field R of real numbers.
Let us consider the case W = S 3 and
The algebra R W is also given by
Then we have
Hess
(1)
which is a negative definite quadratic form. Hence the set of the Lefschetz elements is given by
If we work in V * C , we have to take care of the condition x 2 + y 2 + z 2 − xy − yz − zx = 0, too.
Gorenstein algebras which do not have the strong Lefschetz property
The result in Section 3 shows that a polynomial F gives an example of Gorenstein algebra which does not have the strong Lefschetz property if one of the higher Hessians of F is identically zero. In [8, Section 4] and [17] , some examples of F with the zero Hessian are discussed. In [5] , it is proved , among other things, that the Hessian of a polynomial in 4 variables does not vanish, unless a variable can be eliminated by means of a linear transformation of the variables. The polynomial F = x 0 u 2 + x 1 uv + x 3 v 2 is the simplest example whose Hessian vanishes, but no variables can be eliminated by a linear transformation of the variables (see [17, Example 1] ).
Here we give examples of forms F such that Hess F = 0 and Hess (2) F = 0. By using these forms we can also give examples of Gorenstein algebras A = Q/Ann Q F which do not satisfy the strong Lefschetz property. On the other hand, we have For n = 3, the algebra A = Q/Ann Q F has the Hilbert function (1, 6, 13, 13, 6, 1). Since the multiplication map ×L : A 2 → A 3 cannot be bijective for all L ∈ A 1 , A does not have the weak Lefschetz property either. 
